A four-leaf steel spring used in the rear suspension system of light vehicles is analyzed using ANSYS V5.4 software. The finite element results showing stresses and deflections verified the existing analytical and experimental solutions. Using the results of the steel leaf spring, a composite one made from fiberglass with epoxy resin is designed and optimized using ANSYS. Main consideration is given to the optimization of the spring geometry. The objective was to obtain a spring with minimum weight that is capable of carrying given static external forces without failure. The design constraints were stresses (Tsai-Wu failure criterion) and displacements. The results showed that an optimum spring width decreases hyperbolically and the thickness increases linearly from the spring eyes towards the axle seat. Compared to the steel spring, the optimized composite spring has stresses that are much lower, the natural frequency is higher and the spring weight without eye units is nearly 80% lower.
Introduction
Composite materials are now used extensively in the automotive industry to take the place of metal parts. Several papers were devoted to the application of composite materials for automobiles. Some of these papers are reviewed here, with emphasis on those papers that involve composite leaf springs. Breadmore [1, 2] studied the application of composite structures for automobiles. Moris [3] concentrated on using composites in the rear suspension system. Daugherty [4] studied the application of composite leaf spring in heavy trucks. Yu and Kim [5] designed and optimized a double tapered beam for automotive suspension leaf spring. Corvi [6] investigated a preliminary approach to composite beam design and used it for a composite leaf spring.
Springs are crucial suspension elements on cars, necessary to minimize the vertical vibrations, impacts and bumps due to road irregularities and create a comfortable ride. A leaf spring, especially the longitudinal type, is a reliable and persistent element in automotive suspension systems. These springs are usually formed by stacking leafs of steel, in progressively longer lengths on top of each other, so that the spring is thick in the middle to resist bending and thin at the ends where it attaches to the body. A leaf spring should support various kinds of external forces shown in Fig. 1 , but the most important task is to resist the variable vertical forces.
Vertical vibrations and impacts are buffered by variations in the spring deflection so that the potential energy is stored in spring as strain energy and then released slowly. So, increasing the energy storage capability of a leaf spring ensures a more compliant suspension system. The amount of elastic energy that can be stored by a leaf spring volume unit [6] is given by Eq. (1).
where r is the maximum allowable stress induced into the spring and E is the modulus of elasticity, both in the longitudinal direction. Considering that the dominant loading on leaf spring is vertical force [7] , the Eq. (1) shows that a material with maximum strength and minimum modulus of elasticity in the longitudinal direction is the most suitable material for a leaf spring. Fortunately, composites have these characteristics [8] .
One of the most advantageous reasons for considering composites instead of steel is their weight. Another important characteristics of composites which make them excellent for leaf spring are: higher strength-to-weight ratio (up to five times that of steel), no interleaf friction, superior fatigue strength, ''fail-safe'' capabilities, excellent corrosion resistance, smoother ride, higher natural frequency, etc.
In the present work, a four-leaf steel spring used in passenger cars is replaced with a composite spring made of glass/epoxy composites. The main objective was the shape optimization of the spring to give the minimum weight.
Steel leaf spring
Parameters of the four-leaf steel spring used in this work are shown in Table 1 . This spring is unsymmetrical so that the length of the front half is 559 mm and the rear half is 686 mm. Every leaf is 50 mm wide and 7 mm thick.
Experimental results from testing the steel leaf spring under static and full bump loading containing the stresses and deflections are listed in the Table 2 . Table 2 is not sufficient to design a composite leaf spring. So, a stress analysis was performed using finite element method. All the calculations were done using the version 5.4 of ANSYS [9] . In the finite element modeling, every leaf was modeled with eight-node 3D brick elements (SOLID 45) and then fivenode 3D contact elements (CONTACT 49) were used to represent contact and sliding between adjacent surfaces of leaves. An average coefficient of friction 0.03 was taken between surfaces [7] . The axle seat of spring was assumed to be fixed and loading was applied at the eyes corresponding to the length of each half of spring.
Information in
A finite element stress analysis was performed under static and full bump loading. Another analytical solution was carried out using the SAE standard design formulas for leaf springs [7] . The results of experimental, analytical and finite element methods are shown and compared in Table 3 .
Maximum normal stress r xx from finite element analysis was compared to the experimental solution under static and full bump loading and has 23% and 3% error, respectively. There is a good correlation for maximum deflection from all three methods. The maximum deflection given in Table 3 is related to the rear half deflection. The front half of spring has a deflection about 78 mm.
Composite leaf spring
Considering several types of vehicles that have leaf springs and different loading on them, various kinds of composite leaf spring have been developed. In some designs the thickness and width of the spring are fixed along the longitudinal axis [10] . In some types, the width is kept fixed and thickness is variable along the spring [11] . In other types width is fixed and in each section the thickness is varying hyperbolically so that at two edges the thickness is minimum and in the middle is maximum [12] . Another design is presented by Yu and Kim [5] so that the width and thickness are fixed from eyes to the middle of spring and towards the axle seat the width decreases hyperbolically and thickness increases linearly. In their design the curvature of spring and fiber misalignment in the width and thickness direction are neglected. Therefore, in this study the simplified assumptions are removed and the spring is designed using a more realistic situation.
Material selection
The material used directly affects the quantity of storable energy in the leaf spring. The specific strain energy can be written as Eq. (2). where r t is the allowable stress, E is the modulus of elasticity and q is the density. The specific strain energy of steel spring and some composites are compared in Fig. 2 , when the ultimate static strength is used for r t . The S2-Glass/epoxy value is set to 1 and other values are expressed as their relative percentages to it. Regarding the dynamic nature of loading on spring, the hatched regions identify the quantity of specific strain energy in dynamic loading when the fatigue strength is used for r t . Considering the Fig. 2 , in dynamic loading the HTcarbon/epoxy is capable of storing the greatest amount of energy. This material also has high strength and stiffness and low weight. But on the other hand, it has low impact strength and in the case of contact with a metal, galvanic the corrosion would cause some problems. The very high cost of this material is another drawback for practical use.
Compared to carbon fibers, glass fibers have lower strength and stiffness, higher density, better corrosion resistance, higher impact strength and lower cost. A good combination between the material properties and the cost is obtained with the glass fibers.
Glass fibers consist of two major types E and S2. Although S2 fibers have better mechanical properties than E fibers, but the cost of E fibers is much lower than S2 fibers. So in the present work the E-glass/epoxy is selected as the spring material. Mechanical properties of this material are listed in Table 4 . This material was assumed to be linearly elastic and orthotropic.
Lay up selection
According to the Eq. (1), the stored energy in a leaf spring varies directly with the square of maximum allowable stress and inversely with the modulus of elasticity both in the longitudinal direction. Composite materials like the E-glass/epoxy in the direction of fibers have good characteristics for storing strain energy. So, the lay up is selected to be unidirectional along the longitudinal direction of the spring. The unidirectional lay up may weaken the spring at the mechanical joint area and require strengthening the spring in this region.
Design and optimization
With the extensive use of laminated composite materials in all engineering fields, the optimal design of laminated composites has been an extensive subject of research in recent years. Some of the papers published in this area are given in Refs. [13] [14] [15] [16] .
Since the composite leaf spring is a mono leaf, it is necessary to optimize the shape of the spring. The designer must make decisions relating to the selection of optimum geometry. This requires a verification of a wide variety of different complicated solutions. Therefore the optimization is carried out with the finite element method using ANSYS software.
3D brick element can be used for modeling the thick, curved and orthotropic structures. 3D shell elements are used for thin structures (the thickness should be onetenth or less than the width and the length). In the middle of composite spring the thickness will increase (about a half of the spring width) to resist the maximum bending moment applied in this area. Compared to the brick elements, using the shell elements need greater number of elements to represent an exact model of spring and consequently the computing time increases. Considering the unidirectional lay up of composite leaf spring, 3D eight-node brick element (SOLID 45) was selected to develop a finite element model of the spring. 
Design variables, constraints and objective function
Design variables (DVÕs) are independent quantities that are varied in order to achieve the optimum design. For the leaf spring, the DVÕs must identify the complete geometry. Spring length and curvature are as the same as the steel spring, so the width and thickness at each cross section along the spring are obvious candidates as the DVÕs (Fig. 3) . On the other hand, the cross-section area must be equal along the spring to ensure that the fiber volume fraction and consequently the mechanical properties of the composites are constant over the length of spring. So to reduce the number of design variables, the cross-section area and the width at each point are selected as DVs. Dividing the constant cross-section area by the width at each point derives the thickness. If W i is the width of ith cross section and A is the crosssection area, the Eq. (3) represents the vector of design variables.
Constraints are dependent variables and functions of the DVÕs that constrain the design. Stresses and deflections are limited in the spring and must be considered as constraints. The stress constraint is an inequality constraint to guarantee that the maximum applied stress in the spring is not greater than the material strength. In this work the Tsai-Wu [8] theory was selected as failure criterion to evaluate the stress constraint because it is a simple, versatile, analytical criterion and includes interaction among the stress components (Eq. (4)).
where the rÕs are stress components, the F Õs are strength parameters and R is the safety factor. Failure occurs if the magnitude of the left-hand side of Eq. (4) is greater than one. The constraint on the deflection is an inequality constraint that ensures the spring under a given load has a specified maximum deflection (Eq. (5)).
Regarding the very closed feasible region of deflection and numerical errors in the finite element methods, using Eq. (5) in the optimization process causes some problems in converging and may not be satisfied. To solve this problem, two constraints d l , d u can be defined as illustrated below:
where e is a very small value. The effective feasible region is now 2e, but each constraint has a wide enough range for smooth converging. Another constraint refers to the variation of width along the spring so that the difference between any two sequent widths (from spring end to the axle seat) must be a positive value (Eq. (8)). This constraint is necessary to prevent converging to an impractical and undesirable local minimum value of the width.
Objective function is the dependent variable that must be minimized. One of the most advantageous reasons for considering the composite leaf spring over steel is their very low weight. At the present work the weight of spring is selected as an objective function. Our optimization problem can be expressed as follows:
. . . ; W n ; AÞ Subject to:
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Modeling and optimization
According to the SAE standard [7] a leaf spring can be considered as two cantilevers. Therefore, in the present work the rear half of spring was optimized first as a cantilever beam and then the front half was optimized based on the results obtained from the rear half. The rear half was divided into 18 segments. Width and thickness at each segment were defined parametrically. Vertical static loading on the spring is 2500 N, so the corresponding reaction on the rear half eye is about 1123 N. Design variables, constraint and objective function were introduced in the software. The ANSYS 5.4 has several techniques for optimization. In this work the first-order method [17] was selected. This method uses derivative information, that is, gradients of the dependent variables with respect to the design variables. It is highly accurate and works well for problems having dependent variables that vary widely over a large range of design space.
The optimization process for the rear half converged after about 100 iterations. Fig. 4 shows the variation of objective function (weight) with respect to the iteration number. The minimum obtained weight for the rear half was 888.1 g.
Variation of width and thickness along the spring are shown in Fig. 5 . It can be seen that the width increases hyperbolically and the thickness decreases hyperbolically near the axle seat (about 120 mm along the spring) and then linearly towards the spring eye.
As shown in Fig. 5 , at spring end the width and thickness are kept constant. This has been done to avoid the problems that may occur in joining the eyes.
In order to ensure that the optimization process converged to the global optimum point, the spring was optimized using several start points. Table 5 shows the first selected start point and three different start points with their corresponding weight and cross-section area after optimization. It can be seen that the maximum difference between the obtained weights is about 8 g or 0.09% and between the cross sections is about 5.67 mm 2 or 0.65%. Therefore, there is confidence that the convergence to the global optimum point is achieved.
Having the cross-section area and the width at axle seat and spring end from the optimized rear half, the front half was optimized in the same way. The results showed that the variation of width and thickness is the same as the rear half. The minimum weight of front half was obtained about 719 g. Therefore the weight of full composite spring without considering eye units is nearly 1607 g, which is 80% lower that the steel spring (9.2 kg).
Stress analysis results
The leaf spring is analyzed under bending loading condition and the normal stresses are important, but because of the anisotropic properties of composites, the other components of the stress tensor must be studied. The longitudinal compression strength of composite used in this work is less than its longitudinal tensile strength, so failure always occurs at the lower (compression) surface of spring. Therefore, in the stress analysis this surface is taken into more consideration. Fig. 6 shows the longitudinal compression stress at the middle of lower surface. Compression stress has its maximum value about 217 MPa near the axle seat and decreases towards the spring eye. At a same loading the maximum stress applied in the steel leaf spring is about (Fig. 7) is 120.7 mm, which is very close to the desired value 120.4 mm. In order to verify the stress analysis, an approximate analytical solution is presented as follows. In this method the curvature of the spring and misalignment of fibers are ignored and the spring is assumed to be a direct cantilever beam as shown in Fig. 8 . The deflection d at loading point P is: where U is the stored strain energy in the beam, l the length of beam, W ðxÞ and t ðxÞ the width and thickness of cross section, P the applied load, E ðxÞ the modulus of elasticity in the longitudinal direction which in this case is equal to the modulus of elasticity along the fibers E xx , MðxÞ the bending moment at a cross section, A the crosssection area and I ðxÞ is the second moment of area. It is assumed that the spring width W ðxÞ is hyperbolically and is obtained from Fig. 5 . Substituting the related value, the deflection of the spring is
The maximum induced normal stress at axle seat is
where w and t are the width and thickness of spring at axle seat.
Regarding the rough approximations used in this solution, it can be seen that the results of stress analysis with the finite element method (d ¼ 120:7 mm and r ¼ 217 MPa) are acceptable.
3.3.4. Case studies 3.3.4.1. Maximum loading analysis. Maximum loading on a leaf spring is shown in Fig. 1 . Because the forces applied in the accelerating and braking situations are more critical in the front half of spring, therefore the front half is analyzed under maximum loading. The vertical force in the full bump is about 4660 N, so the front half should carry 2568 N. The longitudinal forces are produced by the change in the linear momentum of vehicle during the brake or accelerating processes. Assuming that the velocity of car from 120 km/h reaches to 0 km/h in 5 s, the maximum longitudinal force will be 3000 N. The side loads are produced by the change in the angular momentum of vehicle in the bends of road. This force is usually assumed to be 75% of the vertical loads [5] . Therefore in this work it is 1927.5 N. The wind up torque is produced when one of the rear wheels moved up and the other moved down, so the axle will twist. The twist angle of 9°is the maximum possible twist angle between the axle seat and each eye [5] . Fig. 9 shows the full loading on the front half of spring with the magnitude of every load. Figs. 10-12 show the results of front half stress analysis. As shown in Fig. 10 , the maximum normal stress in the longitudinal direction r xx is about 314 MPa. This stress is induced at axle seat near the inside edge of the spring, because at this point the stresses due to the vertical and side loads are com- Fig. 9 . Full loading applied to the front half of spring. bined. At a same loading the maximum normal stress in the steel spring is about 928 MPa. So the safety factor of the steel spring is 1.3 while in the composite spring that is 1.4. The transverse stress (normal to the direction of fibers) r yy is shown in the Fig. 11 . The stress r yy varies a little along the spring and its maximum value is about 32.6 MPa. The shear stress r xy is shown in Fig. 12 . Also in this case because of the combination of the loads, the stress r xy has its maximum value about 43 MPa in the middle of the spring at the axle seat.
3.3.4.2. Natural frequency. The road irregularities usually have the maximum frequency of 12 Hz [5] , so the leaf spring should have a higher natural frequency to avoid the resonance. The stiffness of composite leaf spring is the same as the steel leaf spring but its weight is lower than the steel spring. Therefore, we can expect that the first natural frequency of composite leaf spring will be higher than that of the steel one. Using ANSYS the first five natural frequencies of steel and composite leaf springs are listed in Table 6 . Considering the Table 6 , it is obvious that first natural frequency of leaf spring is nearly three times the road frequency and resonance will not occur.
Large deformations.
Due to the large deflection of spring it may be seem that the leaf spring is not under small deflection conditions and has large deformation and small strains behavior. Applying this behavior in the spring design causes a high degree of nonlinearly to the problem, so the optimization process will be computationally intense and may not converge. To ensure that the results of linearly elastic assumption are reliable, the optimized leaf spring is analyzed assuming the large deformations and small strains behavior. Table 7 shows the results of the two methods. With respect to the small difference between the results of the two methods it is more reasonable to use the linearly elastic assumption and avoid large deformation theory.
Joints design
Heretofore, the composite leaf spring was designed and optimized. In order to provide a reliable suspension system, the leaf spring should have appropriate joints to be fixed to the axle and the vehicle body. Four types of joints are shown in Fig. 13 that can be used to attach the spring to the vehicle body.
Considering Fig. 13 , the joint type (a) consists of a steel eye that can be bolted or pinned to the spring. Because of drilling, a region of stress concentration will exist around the holes in this type of attachment. Simplicity and low cost are the advantageous of this attachment. In joint type (b) the eye and spring are manufactured simultaneously from the same material. In this type there is no stress concentration. But reinforcement of composite at the junction of eye and spring is necessary to avoid the splitting of unidirectional fibers. Difficulties of manufacturing and high cost are disadvantages of this method. In joint types (c) and (d) the spring end has a conical or concave width profile so that the steel eye fittings with the same conical or concave profile can be mounted easily and reliably, together with rubber pads. In these joints there is no stress concentration due to the drilling, but the cost of manufacturing of the conical or concave parts of spring should be considered. On the other hand the angle of conical parts should be selected great enough to avoid squashing the composites that may cause some problems due to available space. Joint type (d) is used by Yu and Kim [5] . The joint type (a) is the simplest and cheapest one from the manufacturing point of view. Although in this case the composites should be drilled, in the present work this joint was analyzed if it satisfies the strength requirements, it should be used. Due to the critical loading on the front half, the eye in this area is considered.
The leaf spring under loading is nearly flat, so the longitudinal and side loads are the forces that act at the spring eyes. The spring end at front half with the maximum loading condition is shown in Fig. 14 . For simplicity, it is assumed that the dimensions of spring are 60 mm wide, 60 mm long and 12.8 mm thick. Two holes with the diameter of 8 mm are considered in order to attach the steel eye.
Among the main failure modes in mechanical joints in composites [18] [19] [20] , tension and shear out failures may occur. But it should be considered that the fibers are unidirectional along the spring. In this case the amount of actual failure stresses are considerably lower that the calculated stresses. In fact, in these cases the failure does not occur due to tension or shear out but rather the failure occur because of splitting the composite in the direction of fibers. To avoid this failure and reinforcement of composite, additional layers with different directions were laid around the holes. At the present work the lay up of [AE45°/0°/90°/AE45°/0°/90°/ AE45°] is used at the upper and lower surface of spring ends around the holes to strengthen the composite material in these areas.
The spring is analyzed with the additional lay up at spring end. The results showed that the maximum stresses (r xx ¼ 6:82 MPa, r yy ¼ 11:7 MPa, r xy ¼ 13:7 MPa) are acting around the holes at an angle of 45°to the direction of fibers. By substituting these stresses in the Tsai-Wu failure criterion (Eq. (4)), the left-hand side of the inequality becomes 0.2. Therefore, the critical loading on the eye is supportable with the composite. Consequently, the joint of type (a) was selected to join the spring to the vehicle.
Summary and results
A steel leaf spring used in the rear suspension of light passenger cars was analyzed by two analytical and finite element methods. The experimental results verified the analytical and the finite element solutions.
The steel leaf spring was replaced with an optimized composite one. Main consideration was given to the optimization of the leaf spring geometry. The objective was to obtain a spring with minimum weight that is capable of carrying given static external forces by constraints limiting stresses (Tsai-Wu criterion) and displacements.
The results showed that the optimum spring width decreases hyperbolically and the thickness increases linearly from spring eye towards the axle seat.
The stresses in the composite leaf spring are much lower than that of the steel spring.
Compared to the steel leaf spring (9.2 kg) the optimized composite leaf spring without eye units weights nearly 80% less than the steel spring.
The natural frequency of composite leaf spring is higher than that of the steel leaf spring and is far enough from the road frequency to avoid the resonance.
To join the spring to the vehicle body, an additional lay up was used on the spring end and the steel eyes were mounted through bolts. 
